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Abstract. We prove a general quadratic formula for basic hypergeometric se- 
\ ries. As applications, we confirm a recent conjectured quadratic formula for Askey- 

■ Wilson polynomials and obtain short proofs of several recent determinant and Pfaf- 

^ \ fian formulas via the Desnanot-Jacobi adjoint matrix theorem. 

> 

1. Introduction 

Throughout this paper we assume that q is a fixed number in (0, 1). A g-shifted 
factorial is defined by 

^ ■ °° fa' ) 

{a\q)oc, aq''), and (a; g)„ ^ „. ? ^ fo^' n^'L. 

OO ■ \0.<l J 9700 



Following Gasper and Rhaman [4] we shall use the abbreviated notation 
{ai,a2,.-.,ara;q)n = {ai;q)n{a2;q)n---{am;q)n, for n € Z. 

A basic hypergeometric series with r + 1 numerators and r denominators is then 
defined by 



r+Wr 



0-1,0.2, ... , Or+l 



(ai,a2, ■ ■ . ,ar+i;q)kz^ 
{q, bi,b2, . . ■,br;q)k 



The Askey- Wilson polynomials [21 H] are the 4(^3 polynomials 



{ab,ac,ad;q)n , 
Pn[x; a, b, c, d; q) := 4<p3 



g-", abcdq^-'^, ae^", ae-'\ 
ab, ac, ad ' 



where x = cos 9 and n is a nonnegative integer. 

This paper is a follow-up to the papers by Ishikawa et al. 16] . Our main result 
is the following 
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Theorem 1.1. For r > 1, there holds 
(1.1) (l-l/ao)(ai-6i) 

ao/q, ai,a2, . ■ . ,a 



Xr+l ' 



62, ...,br 



q,z 



r+lfr 



aoq, ai,a2q. ■ ■ ,arq_ 
biq,b2q,...,brq 



:(l-ai/ao)(l-6i) 

oo, ai, 02, . . . , 

Xr+i0r > , , ;g, z 

[ Ol,02, ■ ■ ■ ,0r 

-(l-ai)(l-6i/ao) 



61,629, ...,brq 



X r+10r 



oo, oi/g, 02, . . . ,ar_ 
61/9,62, . . . ,6r 



00,019,029. . . ,0^9 
biq,b2q,. ■ . ,brq 



Remark 1.2. The special z = q, ao = q """"^ case of (|l.ll) was originally conjectured 
by H. Tagawa (personal communication). 

Taking r = 3, z = 9, oo = 9""+^, oi — abcdq"^^ , 02 = oe'^, 03 = ae~'^, 
61 = 069, 62 = oc and 63 = od in Theorem 1 1.1[ we obtain the following quadratic 
relation for Askey- Wilson polynomials, which is Conjecture 4.2 in [6]. 

Corollary 1.3. Let n be a positive integer. There holds 

(1.2) 06(1 - 9""^)(1 - cdq'''^^)pn{x; a,b, c, d; q)pn^2{x; aq,bq, c, d; q) 

= (1 - o69""^)(l - abcdq'"^^)pn-i{x; a,b, c, d; q)pn^i{x; aq, bq, c, d; q) 
- (1 - o6)(l - abcdq'^"^^^)pn-iix;aq,b,c, d; q)pn-i{x;a,bq,c,d; 9). 

Remark 1.4. The special x ^ Q and d = — c case of p.2p was first proved in [6l 
Corollary 4.1]. 



We shall prove Theorem 1 1.1 1 in the next section and show how to apply the latter 
result to give short proofs of some recent determinant and Pfaffian evaluations in 
Section 3. 

2. Proof of Theorem 11.11 

Equating the coefficients of z" on both sides, one sees that (jl.ip is equivalent to 
the following identity 



(2.1) 



where, for < k < n, 

Ak = (1 -Ooi)(ai -61) 



fc=0 fc=0 



fc=0 



Bfc = (l-oi/ao)(l-6i) 
Ck = (l-oi)(l- 61/00) 



(00/9,01,02, . . . , Or; 9)fc(oo9, 01,029, . . . ,arq;q)n~k 
{q, bi/q, 62, ... , br; q)k{q, 619, 629, . . . , 6^9; q)n-k 
(oo, Oi, 02, . . . , Or] q)k{ao, 01,029, . . . , 0^9; q)n-k 



(9, 61, 62, ... , br; q)k{q, 61, 629, ■ • • , 6^9; q)n-k 
(oo, 01/9, 02, ... , ttr; 9)fc(ao, ai9, 029, • ■ • , ar9; q)n~k 



(9, bi/q, 62, ... , br] q)k{q, 619, 629, . . . , 6^9; q)n-k 
Now, we show that, for all < fc < n + 1, there holds 

(2.2) Ak + An-k+l = Bk + Bn-k+l — [Ck + Cn-k+l), 
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where An+i — i?„+i — C„+i — 0. For < A: < n, let us multiply the two sides of 
(1221) by 

(g, 6i, &2g, ■ ■ ■ , brq; q)n-k{q, &2, ■ ■ ■ , ^ri q)k 
(ao, fli, 029, • ■ • , a-y-q- q)n-k{ao, ^i, ^2, • • ■ , 9)fe ' 

There are two cases. 

(i) lik = Qork = n + l, then the identity (12.21) reduces to the trivial identity 

n ft . (i-«og")(i~&i) 

(1 - ao)(l - 

= (1 - ai/ao)(l - 6i) - (1 - ai)(l - 6i/ao)|i-^i|^^^i^. 

(ii) If 1 < fc < n, then the identity (|2.2p reduces to the readily checked identity 

-iw (1 - flo/g)(l - - aog"-^)(l - h) 

^ ° ' '^\l-aog'=-i)(l-6i/g)(l-ao)(l-5ig»-'=) 

+ (l-ao )(oi-6i) 



(1 - - h/q){l - ao){l - a^q^-^) 

:(l-ai/ao)(l-^>i) 

+ (1 - ai/ao)(l - Oi) 
-(l-ai)(l-6i/ao) 
-(l-ai)(l-6i/ao) 



(1 _ g"-fc+i)(i - 6ig"-'=)(l - aog'=-i)(l - ai?*^-!) 
(1 ^ ai/g)(l - 6ig'^-i)(l - 6i)(l - aig"-^) 
(1 - ai<z'=-i)(l - &i/<z)(l - ai)(l - 6ig"-^) 

(l-aog"-fe)(l-ai/g)(l-gfe)(l-6i) 
(1 - q'--^+^){l - - ao'z''^-l)(l - ai) ' 



This completes the proof of {2.2} . Summing \2.2\ over k from to ?i + 1 on both 
sides, we immediately obtain p.ip . 



3. Application to determinant and Pfaffian evaluation 
Consider the determinant 

(3.1) i?„(a, 6, c; g) := det ((g-^ - cq=-^)-^^^2^h±2zl\ 

Given a matrix M, If ii, . . . , v (resp. ji, . . . , jV) are row (resp. column) indices, we 
denote by M^^'"'f^ the matrix that remains when the rows ii, . . . , v and columns 
ji , . . . , jr are deleted. Let n > 2 and Af be an n x n matrix. Then the Desnanot- 
Jacobi adjoint matrix theorem [U Lemma 7.7] reads 

(3.2) det M det Mj^ ^ = det M^^ det - det det M^, 

where we set detMj"^^ = 1 if n = 2. The following formula is equivalent to Theo- 
rem [TTT] in |B] and is also an extension of Nishizawa's q-analogue of Mehta- Wang's 
formula 015]. 
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Corollary 3.1. For n>l, there holds 
(3.3) Un{a,0,c]q) = {-lya ^ q 

{q;q)k~i{aq;q)k{bq;q)k~2 



Dn{a,b,c;q) = {-!)" a ^ q {abcq;q-')n 



n 

k=l 



X 4'/>3 



{abq^;q) 



fc+n-2 



aq, (abcq)^ ^ —(abcq)~- 



;q,q 



Proof. For n ~ 1, the formula is obvious. Assume that n > 2. Applying p.2p to 
the determinant in p.ip we obtain (see [6l (4.1)]) 

(3.4) Dn{a,b,c\q)Dn-2{aq^,b,c]q) = -^^^^^-^I?„-i(a, 6, c; g) Ai-i(ag^, c; g) 



{abq'^;q)2 



I - aq \"- /l - abq^ \ "-2 



1 — abq'^ 



1 — aq^ 



Dn-i{aq, b, cq; q) D„_i(aq, 6, cq ^;q). 



On the other hand, if we take r = 3, z = q, oq = q 



^, ai = abq'\ 03 = -02 = 



acg, 61 = ag'^, 63 = —62 = \/abcq in Theorem 11.11 then we get a quadratic 
equation, which shows that the right-hand side of (13.31) satisfies the recurrence 
relation (13.41) (see [6l Eq. (4.3)]). The result then follows by induction on n. □ 

Remark 3.2. The right-hand side of (13. 3p is a multiple of a special Askey- Wilson 
polynomial. For general Askey- Wilson polynomials Wilson IQ. proved a Gram de- 
terminant formula. In view of (jl.2p there might be a different determinant formula 
generalizing Dnia, b, c; g) for Askey- Wilson polynomials. 



If c = 1, we can sum the 4(^)3 in 
Watson's formula [H 11.17] 



g-", a^g^+i, 6, -b 
aq,~aq,b^ ^'^''^ 



by Andrews' terminating g-analogue of 



b"{q,a^qyb^;q^U/ 



if n is odd, 



if n is even. 



{a'^q^, b'^q\q^)n/2 

and deduce the following result, which was first proved in [S], and is also a q- 
analogue of 7 , Theorem 6] . 

Corollary 3.3. For m > 1, there holds 

j-ix (ag;g)»+j-2 



det 



{abq'^;q)i+j^2 ' i<i,j<2m 



ni 

fe=i 



(g, aq\q)2k-i{bq\q)2k-2 
iabq'^;q)2{k+rn)-3 



Recall [T] that the Pfaffian of a skew-symmetric matrix A = (A^ j)i<i j<2m is 
defined by 



(3.5) 



Pi A = ^ sguTT 

7reA4[l,...,2m] 



n 



A, 



.j matched i 



Here M[a, . . . ,b] is the set of perfect matchings of the complete graph on {a, ... , b} 
for any nonnegative integers a and b such that a < b, and sgnTr — (—1)'^' '^, where 
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crTT is the number of matched pahs {i, j) and (i', j') in tt such that i < i' < j < j' . 
The foUowing result was first proved by Ishikawa et al. [5]. 



Corollary 3.4. For m > 1, there holds 



„,(„_i)^'"('"-i)('i"+i) -Q (g, aq\q)2k-l{hq] q)2k- 



2 



fc=l 



(a6(j2;g)2(fe+„)_ 



Proof. As the square of the Pfaffian of any skew-symmetric matrix is its determi- 
nant, we derive from Corollarv 13.31 that 

,-1 _ (ag;g)i+j-2 



(3.6) Pf (g'-^-g 



(aV;9)»+i-2/i<,,,<2 



_ ^ „m(m-i)^'"''"-^>'"'"+^> -fr iq,aq;q)2k-iibq;q)2k^2 

^jL^ {abq^;q)2(k+m)-3 

where = 1. By (|3.6p . the factor £,„ is a rational function of a, 6 and g, and 
only takes values 1 or —1. Hence, for fixed m, we must have e,„ = 1 or Sm = ^1 
regardless the values of a, b and g. It remains to show that Sm = 1 for all m > 1. 
Obviously we have Si = 1. Suppose that m > 2. Taking 6 = and replacing a by 
g"^^ the identity (|3.6p reduces to 



(3.7) Pf((9^-g^)(g-g).+,)o<,,<2™-i 

m 
fc=l 

Using the g-gamma function [4, p. 20] 

^,(x) = /5%(l-9)^-^ 0<g<l, 

[q -.qjoo 

we can rewrite p.7p as 

(3.8) Pf(9lj-*],r,(a + z+j))o<,,^.<2„._i 

= g„^g"'('»-i)("-i)+ '"""'T'"+^' [| [2fc - 1],! r,(a + 2k^ 1), 



k=l 



where [n]q\ = [l]q[2]q ■ ■ ■ [n]q and [k]q = (1 — q'^)/{l — q). If we multiply both sides 
of p.Sp by [a + l]g and let a tend to —1, then, the right-hand side becomes 



(3.9) s^g"""""'""'' ]J[2fc - 1],! J] Tq{2k). 



a(m-l)(4m-5) 

S:=l fe=l 



On the other hand, by (|3.5p . the left-hand side can be written as 

(3.10) V sgn^ lim [a-f 1], TT q'[j ^ i\qTq{a + 1 + j). 



7rGA^[0,...,2m-ll »<3 

^ ■ ' J sjmachod in » 
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In this sum, matchings tt for which all matched pairs i, j satisfy i + j > 1 will not 
contribute, because the corresponding summands vanish. Therefore, the survival 
matchings must match and 1 and the sum in p.lOp reduces to 



J2 SgnTT' n '?1j-*],r,(i + j-l) 

2....,2m-ll 

i,imachcd in tt' 

= Pf(g'+2b--z],r,(z+j+3))„<^_^.<,_3 

m m — 1 

= e^.ig'""""^*"""'' J|[2fc - 1],! [] r,(2fc). 



Comparing with p.9p we see that = £m-i = • • • = £i = 1. □ 

Remark 3.5. Except the trivial but crucial point that Sm is independent of a, 6 and 
(J, the above proof is a q-adaptation of Ciucu and Krattenthaler's proof [3, for the 
q — > 1 case of ([37 



(3.11) Pf ((j - i)r{a + I + i))o<^J<2m-l - n - + - !)• 



/c=l 



As we have shown that £m is actually independent of g, we could also reduce the 
proof directly to (I3.1ip by taking the limit g — 1 in 
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